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Stochastic signal basics

CDF stochastic variable ¢ is described by F(X) — the probability that § > X; F(X) is a

Cumulative Density Function

dF (%)

PDF Probability Density Function is more intuitive, defined as fg(X) = —;

signal or process:  §(t) — a set of all possible realizations X(t)

process value at the moment t;, &(t;) is a stochastic variable, described with its PDF
fe(X(t2): 1)

— for the full description of §(t) we need all the possible multidimensional PDF's
fe(X(t1), X(t2), ... t1, to, ...)

practical view:  we narrow our interest to the two-dimensional PDF fg(X(t1), X(t2); t1, t2) to be
able to tell the relation between the process values at two points in time.
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e mean value (expectation)

e variance (mean power of variable component)

00

07(t) = Eleft{[(& — ke(®)right} = [ [x — (0] fe(xt)dx

—00

e autocorrelation function (ACF)

Rez(t1,t2) = E[&(t)€(t2)] = / / X1Xo fe 2, (X1, X2, 11, 12) X 0%
e autocovariance function

Cee(tr,to) = E {[€(t1) — be(ty)] [E(t2) — we(t2)] }
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Stationarity (wide sense)

Hs(t) = Hg = const
Ree(t, to) = Ree(T), T =1 — 1t scalesyra00}
Ergodicity hypothesis
1 T
= <x> = fim oz [ xode
1 T
Rl = <X+ = g

Power spectrum density (PSD)

Se(w) = /_ 0:0 Rez (T)€719"dt

Rez (1) = %T/_i S (w) e!“"dow
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Discrete stochastic signal

&[n] — a sequence of stochastic variables &(n)
Complex signal
&N = &r[n] + j & [n]

Example: complex filtering (convolution of complex signals)
h[n] = hg(n) + jhi[n]

A = b & — () = 3 hmEn—m

hr[N] * Er[N] — hy[n] &, [n]

Nr[N|
h| [n] % ER[n] -+ hR[n] * E| [

N [n]

S5

)
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e Mean value
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e Variance
o) = E {[&0) — i [E'(M) — ()]} = EEMP — | ke(m)P]

Autocorrelation

Autocovariance

Cee(n, o) = E { [E"(n0) — p(mo)] [E(n2) — pe(ne)] |
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Stationarity

Time-domain mean

<xX[n]> = lim

Time-domain correlation

N

ll—’xx(m) = l\||iLTl°o SN+ 1 Z
n=

X*(n)x(n+m)

Ergodicity
<X[n] > = pg = const

Pxx(M) = Ree (M), M =N —
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Power spectrum density

For a stationary &[n], Cgz(nl, n2) = Cgz(M), m=ny—n;.

Cee(m) = E {[£(n) — ] [E(n + m) — 1] |

If our signal §[n] is zero-mean: pg = O (if not, use &1[N] = &[N] — M),
then Cgg (M) = Reg(m).

Power spectrum density of a stationary discrete signal &[n] (MS convergent if cr% Is bounded)

S:(0) = 5 Clmpe ™

e Periodic (over 2m)
o (if&[n]is real) — Sz(08) < 0, symmetric
o Cee(m) =5 [T Se (8)eI™0dB
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Autocovariance and PSD estimation

&[n| (stationary, ergodic) — estimation of properties from N (finite number) of samples of X[n|.

e mean value estimate

1 N—1
N2
e \ariance estimate
~2 1 py * N F 0
6 =< 3 D) — 1) [x(n) — T

n=
e Autocovariance estimate (equal to autocorrelation with pg = 0)

1 N—’m‘—l

Res (M) = N n; X"(Nx(n+m), —(N-1)<m<N-1 (or, maybe -1 =)

e PSD estimate

(@) = Y Ree(me '™
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Estimation accuracy

Different realizations Xx[n] — different estimates.
&[N, C, 6?, Rez (M), S:(0) are stochastic — How to measure the accuracy of estimate?

bias B=oa— E[d]
variance var[G] = 0 = E {[6* — E(§)*][a — E ()] }
MS error E[|6 — a]?] = B? + 02

consistency  limy_.Vvar 0] — Oand limy_.., B |

=
I
o

If {[N] is stationary and gaussian ...

e mean value estimate (g = g >\_g X(N) — unbiased, with variance 7/N
e variance estimate 67 = g Yo [X*(n) — ] [x(n) — ]
— bias B[6¢] = 02/N variance var[G] ~ 1/N (consistent)
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10

Autocovariance and PSD estimate properties

N—1 N — ’m’

E[S%(0) = > —y Re(me™
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Periodogram

A B =M« x[—m|, |m| < N -1
Rfﬁ[m]—{N 0, m > N -1

X(e?) = i xume ™ =5 xq(—n)el™ = ;[X*(n)e_j”e]*Z[X*(eje)]*

finally
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Practical implementations

e Choose FFT length to avoid cyclic efects

e Average K segments (of length M = N/K) to reduce variance ath the cost of bias (Bartlett
procedure).

e Add overlapping of segments and use non-rectangular window (Welch procedure).

N

Sw(6)

(i =1,2,...,Kis a segment number)

Y

Z} —Jne

1 M—-1
F = v Z) g°(n) (energetic normalizing factor)
Nn=

S0(8)

. 1
Swez(0) = K 2

HMX




