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z-transform

Z — a generalization of DTFT, similar to L as a generalization of CTFT

n=—oo

— DTFT is equal to X(z) at unit circle z = ¢/® ‘
Convergence: same as for DTFT of x[n] - r~" (substitute z =r- e’e)

i [X(n)r™"| < oo
N=—oo

example: u[n] is not absolutely summable; u(n)-r~" can be, if [r'| < 1
— Z(u[n]) is convergent for r > 1.



Properties:

> Linearity,

> shift x(n— np) <=z~ - X(2),

» multiplication z{ - x(n) iX(z/zo),

» transform differentiation nx(n) indX(z)/dz,
> conjugation x*(n)ix*(z*),

> time reversal x(—n) <i>X(1/z),

» initial value x(0) = lim,—. X(2) if x(n) = 0 for n < O (hint: limit of each
term...)

> multiplication x1(n) - xa(n) «=1/(2m]) §5 X1 (v) Xe(2/v) v dv
complex! convolution



Examples

» x(n) = a"u(n) (causal)

X(z) = a'u(n)z " = az )'=——=-—"— |z|>]a
(@)= ¥ dumz "= Y (e V= =0 >
» x(n)=—a"u(—n—1) (non-causal)
X(@) = ¥ (ar Y =1- Y (a2 = = Z d<d
z)=— V4 =1— z)" = = z
W= = 1—az' z-a
[ a n=01,...,N=-1 __
> x(n) _{ 0 otherwise (finite)
N—1 N—1 —1\N N_ N
_ _ 1—(az™") 1 zZN—a
(2) r;)az n;)(az ) 1—(az™") zZN—1 z—2



Inverse z - transform

_ 1
- omj

x(n) -%CX(Z)Zn71 dz

» Partial fraction expansion: X(z) a rational function with M zeros and N
poles,

M—N N Ak
X(z2)=Y Bz + Y ———, A=(1—-dz ") -X(2)|
=0 oy 1—0kz

z=dk

» Power series expansion (e.g for finite series)



yln] = x{n] + hin]—y(n) =

+oo'

Kk=—o0

Z-transform of a convolution

oo

Y x(k)-h(n—k)

k=—oc

M e

Y x(k)-h(n—k)|z "=

k_foo

Zhnk =

n=-—oo

(we substltute m=n—kson= k m)

foo [

- ¥

k=—oo |

~+oo

x(k) Y h(m)z ™| =

m=—oo

= Y x(kz Y h(m)z"

Kk=—o0

m=—oo

Y(z) = X(z)-H(2)

And this is the main application of z-transform.



Z-transform and difference equations (1)

i\’: aky(n—k)= ﬁ bix(n—k)

ag = 1 traditionally
Simpler case of N = 0 (FIR, no recursion)

M
y(n) =Y bex(n—k)

k=0

Y(z) = f" b Z[x(n— k)] =
k=0

M
= Z bkX(z)z K =
k=0

M
= X(2)- Z bz K =
k=0

= X(2)-H(2)



Z-transform and difference equations (2)

Now the general case:
N M
Y ay(n—k)=) bkx(n—k)
k=0 k=0
N M
Y aY(2)zF =) buX(z)z "
k=0 k=0

N M
Y(2)Y az " =X(2) Y bkz "
k=0 k=0

) ZkM:o bkz*
ZkN:O axz K

Recall that the transform is linear, and shift is represented by z — k operator.

Y(z)=X(2)



