Chapter 2
Wiener Models

Abstract This Chapter is concerned with Wiener models. At first, input-output struc-
tures are described: one SISO case and five MIMO ones. Next, state-space models
are detailed: one SISO case and two MIMO ones. A short review of identification
methods of Wiener models is given, possible internal structures of both model parts
are discussed and example applications of Wiener models are reported. Finally, other
structures of cascade models are shortly mentioned.

2.1 Structures of Input-Output Wiener Models

For prediction in MPC, i.e. to calculate the quantities $(k + 1|k),..., §(k + N|k)
used in the minimised MPC cost-function (1.7) or (1.13), a dynamical model of the
process is necessary. In this work, Wiener models are used for this purpose. As far as
input-output models are concerned, one SISO structure and as many as five MIMO
model configurations are described.

2.1.1 SISO Wiener Model

The structure of the SISO input-output Wiener model [57] is depicted in Fig. 2.1.
It consists of a linear dynamic block followed by a nonlinear static one. The linear
dynamic part of the model is described by the equation

A(g " w(k) = B(g™")u(k) (2.1)
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Fig. 2.1 The structure of the SISO Wiener model

where the polynomials are

A H=1l+ag ' +... + an g~ ™ 2.2)
B(gY=by +...+byq "™ 2.3)

The auxiliary signal v is the output of the first block and the input of the second
block. All signals u, v and y are scalars. The backward shift operator (the unit time
delay) is denoted by ¢!, the integers n, and np define the order of dynamics, the
constant parameters of the linear dynamic part are denoted by the real numbers a;
(j=1,...,na)and b; (j = 1,...,np). From Egs. (2.1), (2.2)-(2.3), the output of the
linear part of the model is

nA

v(k) = i biu(k — i) — Z aiv(k — i) 2.4)
i=1

i=1

The nonlinear static part of the model is described by the general equation

y(k) = g(v(k)) (2.5)

where the function g: R — R is required to be differentiable (for implementation of
the computationally efficient nonlinear MPC algorithms described in Chapter 3). It
means that polynomials, neural networks, fuzzy systems (with differentiable mem-
bership functions) or Support Vector Machines (SVM) may be used in the second
model block. The output of the SISO Wiener model can be explicitly expressed as a
function of the input signal and the auxiliary signal of the model at some previous
sampling instants. Taking into account Eqs. (2.4) and (2.5), we obtain

na

y(k) =g | Y biulk =)= ) av(k~i) (2.6)
i=1 =1

i

Let us stress that the signal v is used in the model, but in general, we assume that
it does not exist in the process. Hence, measurement of that signal is impossible,
but its value may be assessed from the model for the current operating point of the
process. Similarly, predictions of the signals v over the prediction horizon may also
be computed.
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Fig. 2.2 The structure of the MIMO Wiener model I

2.1.2 MIMO Wiener Model 1

The structure of the MIMO Wiener model I [57] is depicted in Fig. 2.2. It consists
of one linear dynamic MIMO block and ny, SISO nonlinear static ones. The linear
dynamic part of the model is described by Eq. (2.1) but now u € R™ and v € R".
Because SISO nonlinear static blocks are used, ny = ny. The polynomial model
matrices are

[1+ajqg" +...+a) g™ ... 0

Alg™h = : - : 2.7
I 0 L1+ alyq_l +...+ aZiq_"A
[ bi’lq‘1 +.+ bi,’qu_"B . b1 Mg+ bl;B"“q_"B

B(¢g™) = : 2 : (2.8)
i br;y’lq‘1 + ...+ bﬁg’lq_"B ... brlly’n“q_1 + ...+ bzg’n“q_"B

The constant parameters of the linear dynamic part are denoted by the real numbers

a®(j=1,...,na,m=1,...,n)and 07" (j = L,...,ng,m = 1,...,ny, n =
1,...,ny). From Egs. (2.1) and (2.7)-(2.8), we can calculate the consecutive outputs
of the linear dynamic part of the model

Iy np

vi(k) = Z Z b "y (k — i) Z alvi(k - i) 2.9)

n=1 i= =1

Ny np na

Vi (k) = Z Z b (ke — i) — a{‘yv,,y(k —i) (2.10)

n=1 i= i=
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which may be compactly expressed as

y N

vm(k)—Zme"un(k i) - Z a"v(k =i, m=1,...,n, @2.11)

n=1 i=

The nonlinear static parts of the model are described by the general equations

yi(k) = g1(vi(k)) (2.12)

Yn, (k) = gny (vn, (k)) (2.13)

which may be compactly expressed as

Ym(k) = gm(vm(k)), m=1,..., ny (2.14)

where the functions g,,: R — R are required to be differentiable. From Egs. (2.9)-
(2.10) and (2.12)-(2.13), we obtain model outputs

nk) = & (inibl"unw i) - Zavl(k z)) (2.15)

n=11i

Yy (k) = gn, (iib"y un(k—z)—Za vny(k—l)) (2.16)

n

which may be compactly expressed as

Ym(k) = gm (i HZB b up(k — i) — Z a v (k — z)) cony o (2.17)

n=1 i=

2.1.3 MIMO Wiener Model I1

The structure of the MIMO Wiener model II is depicted in Fig. 2.3. Similarly to the
MIMO Wiener model I shown in Fig. 2.2, it consists of one linear dynamic MIMO
block and ny static ones. On the other hand, there are two important differences.
Firstly, the number of auxiliary signals between two model parts (n,) may be, in
general, different from the number of outputs (ny). The number of auxiliary signals
may be treated as an additional model parameter, but it is straightforward to choose
ny = ny. Secondly, in the MIMO Wiener model II, the nonlinear static blocks are
of the Multiple-Input Single-Output (MISO) type, each of them has n, inputs and
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Fig. 2.3 The structure of the MIMO Wiener model IT

one output. The linear dynamic part of the model is described by Eq. (2.1) but now
u € R™ and v € R™. The polynomial model matrices are

[1+alqg'+...+a) g™ ... 0

A" = : : (2.18)
| 0 1+a?vq_1+...+aZ;q_"A
[ bi’lq‘l +.o+ bi,’qu‘"B . bi’"“q‘1 +.o+ bi[B"“q‘"B

B(q™") = : : (2.19)
I b’llv’lq_1 +...+ bﬁ;’lq_"B . b'llv’"”q_1 +...+ bﬁ;’"“q_’m

where the constant parameters of the linear dynamic part are denoted by the real
numbers a” (j =1,...,na,m=1,...,ny)and """ (j = 1,...,n3,m = 1,...,ny,
n=1,...,ny). Taking into account Egs. (2.1), (2.18)-(2.19), the consecutive outputs
of the linear dynamic part of the model are calculated from

gy np na

vitk)= > > b uy(k—i) = ) alvi(k - i) (2.20)

n=1 i=1 i=1

ny ng na
v, (k) = Z Z D (k= i)~ Y @ v (k = i) (2.21)
n=1 i=l1 i=1

which may be compactly expressed as

ny N nA

(k) = Z Z "y (k — i) — Z A"k =i, m=1,...,n, (2.22)

n=1 i=1 i=1

The nonlinear static parts of the model are described by the general equations
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yi(k) = g1(vi(k), ..., v, (k)) (2.23)

Yy (k) = gy 1K), ., v, (K)) (2.24)

which may be compactly expressed as

ym(k) = gm(vi(k), ..., vu,(k)), m=1,...,ny (2.25)

where the functions g,,: R"™ — R are required to be differentiable. From Eqgs.
(2.20)-(2.21), (2.23)-(2.24), we obtain model outputs

y1<k>=g(ZZb1"un<k i)- Zavl(k i)

n=11i

i i b u(k — i) — Z al vy, (k = i)) (2.26)

n=1 i=1 i=1

"y NnB na

yny(k) gny(ZZbl " (k = i) = Zailvl(k_i)w--’

n=11i i=1

i i b un(k — i) = i a; vy, (k — t)) (2.27)

n=1 i= i=1
which may be compactly expressed as

"y NB na

Yin(k) = g (ZZbl"un(k i)=Y afvik=i)...

n=11i i=1

"y nB na

Zzbnv nun(k_l) a?vvnv(k_i))’ m = L,,.,I’ly (228)

n=1 i=

2.1.4 MIMO Wiener Model IT1

The structure of the MIMO Wiener model III is depicted in Fig. 2.4. In general,
similarly to the MIMO Wiener model I, it consists of ny SISO nonlinear static
blocks defined by Eq. (2.14), but the linear dynamic part of the model is different,
it is not represented by one MIMO block defined by Eq. (2.1). As a result of a
model identification procedure or from fundamental knowledge of the process, the
transfer functions of the consecutive input-output channels are typically found. They
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Fig. 2.4 The structure of the MIMO Wiener model IIT

comprise the linear dynamic part of the Wiener model. The first block of the model
is described by the array of transfer functions

vi(k) Gri(g™") ... Gin(g™) ][ uik)
: = : : : (2.29)
Vny(k) Gny,l(qil) cee Gny,nu(qil) un, (k)
The transfer functions have the general form
v Nunlg™)
Gmn(g™h) = 22— (2.30)
m Din(g™")
for all inputs and outputs of the linear dynamic block, i.e. form = 1,...,ny, n =
1,...,n,. The numerators and the denominators of the transfer functions (2.30) are
polynomials
Noun(g ™) = b7 g + 4 DT g 2.31)
B
Dpn(g™)=1+a™g +.. .+ al’;%’?nq—"? " (2.32)

The integer numbers " and np"" denote the order of dynamics of the consecutive
denominators and nominators, respectively. Let us stress the fact that order of dy-
namics of the consecutive transfer functions (2.30) may be different. In the MIMO
Wiener model I, all input-output channels have the same order of dynamics, defined
by na and ng.
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The MIMO Wiener model I is usually considered in the literature [57, 74]. Even
though, initially, we may have the simple rudimentary model comprised of SISO
transfer functions as in Eq. (2.29), it is transformed to the MIMO Wiener model 1.
More specifically, the linear dynamic block of the model III is transformed. From
Eq. (2.29) and Fig. 2.4, we have

ny

vi(k) = > Grilg uiCk) (2.33)
i=1
Vg (k) = )" Guyi(q " Yui(k) (2.34)
i=1
Taking into account Eq. (2.30), the linear part of the model (2.33)-(2.34) becomes
ny -1
Nii(g™")
vi(k) = ) ———u;(k) (2.35)
; Dy,i(g™")
< Ny, i(q_l)
v, (k) = ————u;(k) (2.36)
™ ; Dny,i(q_l) l
Multiplying the consecutive equations of the linear block (2.35)-(2.36) by the com-
mon denominators H?:“I Dii(g™"),..., H:lz“l D,,y,i(q‘l), respectively, we obtain
ny My My
[ [Puita™ i = > Nijta™ | | Pritg™ k) 2.37)
i=1 =1 i=1
i#]

ny Ty My
[ [Pnyia™ G0 = D N s @) | | Dugila™ k) 2.38)
i=1 j=1 i=1

i#]

Equations (2.37)-(2.38) may be rewritten in such a way that we obtain the linear
dynamic block used in the MIMO Wiener model I (Eq. (2.1)) where the entries of
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the matrices A(¢~") and B(g~!) (Egs. (2.7)-(2.8)) are

Ang™ =] ] Prta™ (2.39)
i=1
Angny (@) = [ | Pryita™) (2.40)
i=1
and
My
Bii(g™) = Nualg™) [ [ Prita™) 241)
i=2
ny—1
By (@) = Nagn (@) [ | Dyita™ (2.42)
i=1

As aresult of multiplication in Egs. (2.39)-(2.40) and (2.41)-(2.42), the linear part of
the classical MIMO block (2.1) used in the MIMO Wiener model I is likely to be of a
high-order, even though the transfer functions (2.30) used in the rudimentary MIMO
Wiener model III are of a low order. As it is demonstrated in Chapter 4.5, it may lead
to serious numerical problems and make predictive control difficult or completely
impossible. Hence, when the process has really multiple inputs and outputs, it is
strongly recommended to use the MIMO Wiener model III, not the classical model
L.

In the case of the MIMO Wiener model III, in order to explicitly express model
outputs as functions of the input signals of the process and the auxiliary signals of
the model at some previous sampling instants, we use Fig. 2.4, Egs. (2.29) and (2.30)
which give

Nii(g™h)

———uy(k 2.43
D1,1(6]_1)u1( ) (2.43)

vii(k) = Gi.1(g Dy (k) =

Nny,nu(qil)

Vn ,nu(k) = Gn ,nu(q_l)unu(k) = T~ . i~
Y Y Dny,nu(q 1)

uy, (k) (2.44)
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Taking into account Egs. (2.31)-(2.32), we obtain

1,1 1,1
n ny

B

vii(k) = Zb}lul(k—i)—za}‘vl,l(k—i) (2.45)
i=1 i=1
ny,nu n"y,nu

B A

Vg (k) = Z by (k — i) — Z A"V g (k = i) (2.46)

i=1 i=1
Egs. (2.45)-(2.46) may be rewritten in the compact form

m,n m,n

B A

Vi,n(k) = Z b up(k i) — Z a"" vk =i, m=1,....ng, n=1,...,n,
i=1 i=1

n n

(2.47)
From Fig. 2.4, we have
Ny
vi(k) = ) via(k) (2.48)
i=1
Vny (k) = )" g (k) (2.49)
i=1
which may be rewritten compactly
Ny
Vim(k) = Z Vnn(k) m=1,....ny (2.50)
i=1
Using Egs. (2.14), (2.48)-(2.49), the consecutive model outputs are
nik) =g (Z vl,n(k)) 251
n=1
My
yny(k) = &n, (Z Vny,n(k)) (2.52)
n=1

which may be rewritten compactly

My

Yim(k) = gm (Z vm,n(k)), m=1,...,n (2.53)

n=1



