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A b s t r a c t - - T h e  n e w  a l g o r i t h m  o f  D N A  c o m p u t i n g  for 
a d d i n g  b i n a r y  i n t e g e r  n u m b e r s  is p r e s e n t e d .  It  r e q u i r e s  
t h e  u n i q u e  r e p r e s e n t a t i o n  o f  b i t s  p l a c e d  in t e s t  t u b e s  
t r e a t e d  as  r e g i s t e r s .  A m p l i f i c a t i o n  s t e p  used  for  t h e  
c a r r y  o p e r a t i o n  a l l o w s  in  t h e o r y  t o  a d d  n u m b e r s  a t  t h e  
s a m e  q u a n t i t y  o f  e l e m e n t a r y  o p e r a t i o n s ~  r e g a r d l e s s  o f  a 
n u m b e r  o f  b i t s  u s e d  for  r e p r e s e n t a t i o n .  N e w  n o t a t i o n  
p r o p o s e d  in t h i s  p a p e r  a l l o w s  for  e f f i c i ent  a n d  a b s t r a c t  
d e s c r i p t i o n  o f  t h e  t e c h n i c a l  o p e r a t i o n s  o n  D N A .  
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t w o - s t e p  a d d i t i o n ,  b i n a r y  n u m b e r s .  

I. INTRODUCTION 

C URRENT development work in traditional elec- 
tronic computers continues to be restricted by 

hardware problems [1]. Researchers and computer ex- 
perts are convinced that some alternative technolo- 
gies will appear. Quantum computing and molecular 
computing are potential candidates for such technolo- 
gies, and are under extensive development. To per- 
form computing different molecules may be used [2], 
[3]. However, at present it seems that DNA fragments 
are most suitable for this purpose. 

In DNA computing [4], [5] information is stored in 
DNA molecules. DNA computing may be considered 
as a set of processing steps on DNA molecules for solv- 
ing a specific problem according to a precisely defined 
procedure. A solution is reached by the exclusive use 
of genetic engineering operations on DNA such as hy- 
bridization, denaturation, ligation, PCR, etc. An ex- 
ecuted operation supplies some DNA molecules as the 
result, which is identified usually by electrophoretical 
fluorescent or radioactive method. 

DNA molecules are linear polymers built from four 
building blocks - nucleotides denoted by symbols A, 
C, G and T. Since DNA polymers are composed of 
four nucleotides, they represent chains of symbols over 
4-letter alphabet. Therefore DNA computing is ad- 
equate for processing symbols and logical structures 
which has been reported in a number of publica- 
tions [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], 
[16]. The emphasis, however, is stressed on general 

P. Wgsiewicz and J.J.  Mulawka are from the Institute 
of Electronic Systems, Warsaw University of Technology, 
Nowowiejska 15/19, 00-665 Warsaw, Poland, pwas~ieee.org , 
{pwasjml}~ise.pw.edu.pl ; W.R. Rudnicki and B. Lesyng are 
from Interdisciplinary Centre for Mathematical and Computa- 
tional Modelling, Warsaw University, Pawinskiego 5A, 02-306 
Warsaw, Poland, {W.Rudnicki,lesyng}~icm.edu.pl 

implementation of DNA computer [1], [17], [18], [19], 
[20], [21] and how to simulate the problem-solving pro- 
cesses, especially solving NP-complete problems [6], 
[221, [231. 

Recently high-density oligonucleotide arrays so 
called DNA chips were developed as tools for sequenc- 
ing by hybridization (SBH) [24]. It is possible to de- 
sign and synthesize in situ on the support using light- 
directed solid phase combinatorial chemistry [25] the 
square inch high-density oligonucleotides arrays for 
monitoring the expression levels of nearly all (about 
6500) yeast genes equalling about 14 Mb of informa- 
tion [26], [27]. The progress in this area allows DNA 
integrated circuits to be basic devices for extremely 
miniaturized DNA computers [28], [29], [30]. 

So far nobody has proposed an effective molecular 
algorithm for performing addition, the task which is 
trivial on electronic computers. There are two very 
good reasons for that - addition is not trivial to per- 
form with DNA molecules. Parallel nature of DNA 
computing is well suited to problems requiring scan- 
ning large solution space of single, relatively compli- 
cated operation [31], [32], [33]. 

In this paper we describe algorithms, which would 
perform addition with the help of DNA molecules us- 
ing standard molecular biology techniques along with 
the nonstandard application of the DNA chips. We 
think, that it is very interesting, to see how simple 
and effective, two-step computational algorithm can 
be implemented with DNA molecules and techniques 
of molecular engineering. 

I I .  FUNDAMENTAL OPERATIONS ON DNA 
MOLECULES 

DNA molecules are directional polymers, due to 
the details of the biochemical structure and synthe- 
sis. Their beginning is denoted as 5' and end as 3'. 
Due to specific stereochemical interactions between 
A:T and C:G nucleotides DNA molecules can form 
antiparallel duplexes, provided that their sequence is 
complementary - allowing to form A:T and C:G pairs. 
Therefore in double stranded DNA the information is 
stored in both strands, in standard and complemen- 
tary sequence. Transcription between standard and 
complementary encoding is straightforward and is of- 
ten used in the presented below algorithm. 
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Single or double DNA fragments are often called 
oligonucleotides or oligos, primers, strings and 
strands. In DNA computing a DNA s tr ing is rep- 
resented by a sequence of four basic nucleotides and is 
usually described by letters A, T, G, C. It may exist as 
a separate DNA fragment or within a longer one e.g. 
a string a may be denoted by a sequence: 5 ~ A G T C 3  ' 
or may exist within a longer string z = 51AGAAGTC- 
C T A 3 q  A formal language may be created from DNA 
strings. The set of all single DNA strings over the al- 
phabet  A = {A, T, G, C} is called the basic language 
of DNA computing and denoted by A*. Up to now sev- 
eral DNA computing notat ion standards was worked 
out e.g. DNA-Pascal [34], splicing [35], [36], [37], [4] 
and other [38], [39], [32], [17]. Here we introduce our 
symbolic representation, which is useful for molecular 
binary operations. 

Digits 5 ~, 3 t denoting or ien ta t ion  of a DNA string 
can be replaced with symbols I >- The lenttth of the 
string a is denoted by: lal, and its value is equal to a 
number of symbols forming the string a e.g. I A G T C I  
has a length of four basic symbols: nucleotides. Using 
exemplary strings we can write: 

a = la > =  5 ' A G T C 3  I 
b = Ib > =  I T C A G T C T A G  > 
z = Iz > =  I A G A A G T C C T A  > 
¢:~ z = 5 ' A G A  * a * C T A 3  ~ 
s = <  s I = 3 ' G A T G A C T G A 5 '  

lal = 4,  Izl = lO 
It should be noticed tha t  a null string denoted by 

a symbol ~ is a set with zero basic symbols. Thus 
H = 0. In DNA computing the null string represents 
logical zero. A right par t  of the string a is described 
by a symbo l "  in the upper,  right index of the letter a: 
a ' ,  and a left  par t  of the string by a symbol t in the 
upper, right index of the letter a: a'. If a number of 
string parts is greater than  three, then in the upper, 
right letter index an ordinal number is placed e.g. the 
string a is divided into four parts: a ~, aii, a i~i, a ~v. 

A string comp lemen tary  to a is described by the 
same letter, but  with an added symbol tilde ( - ) this 
means ~. Two complementary strings a and ~ create 
after hybridization a double s tranded string ~ made of 
complementary pairs A = T, T = A, C - G, G - C. 
Note that  a string with an orientation 5 ~ --+ 31 is always 
an upper string or a single string, and a single string 
with an orientation 3' -+ 5' should be underlined. 

< al  = 

To the described below DNA chip strings _a, _b, ~ are 
attached. They are underlined to mark their 3'5' ori- 

entation. Other  strings ~, b, a are annealed to them 
and can be extracted together with the array. This 
linear representation of square arrays is quite conven- 
tional. 

a b 5 )  

Operations on DNA oligos [40], [41] may be de- 
scribed in the following way: 

1. Hybridizat ion  or Rena tura t ion  means connecting of 
single complementary DNA strings and forming dou- 
ble stranded molecules. This operation is caused by 
cooling down the test tube reaction solution and de- 
noted by symbols heat $. 
2. Dena tura t ion  means disconnecting single comple- 
mentary  strings from double s tranded DNA molecules 
and is caused by heating the test tube reaction so- 
lution. Usually this operation is connected with the 
operation of mix ing  the solution. It  is denoted by 
heat $. 
3. Cut t ing of a double DNA string into two parts is 
performed in DNA computing with the help of en- 
zymes. This means that  a given string d may be di- 
gested by the enzyme in the presence of a hybridized 
complementary to d (at least in the neighbourhood 
of a place to cut) string denoted by a letter c. The 
enzyme with an ordinal number equal to 5 cuts the 
string d together with the string c what is described 
below. 

,~C ~ ~l  ~ l l  :=~ 
[- 

=~ C I - -  -~- C" =¢~ 

=:~ c ~ _p -t- e," 

A sign + at the side of a DNA string describes a 
sticky end of it shorter than the nearest complemen- 
tary oligo. A sign - at the right side of the DNA string 
describes a sticky end of it longer than the nearest 
complementary string. The same signs at both ends 
of complementary strings mean that  these strings form 
a double stranded oligo with blunt ends. Note that  the 
sign + may be additionally applied to mark a symbolic 
disjunction between two hybridized primers, and the 
sign * to denote concatenation of strings (after hy- 
bridization and ligation), and the sign - to lengthen 
a string (of course, only in the equations). These rules 
are obligatory only within brackets [ and ] or ( and ). 
4. Concatenat ion  of two strings is a string formed by 
placing the second string after the first string without 
any gap. In DNA computing joining of two strings is 
done during hybridization and ligation. They form to- 
gether a longer single string. In order to concatenate 

266 



two oligos a and b the complementary to them in the 
place of joint, hybridized third one is needed. Usu- 
ally at least eight complementary pairs without a gap 
are necessary (four pairs for each joining string). The 
third string c is a concatenation of the oligo comple- 
mentary to the first string right part  a" and the oligo 
complementary ~ the second string left part b'. 

c = a" * b' = <  T C A G A G T C  I 
Thus concatenation of two strings a and b in the pres- 
ence of the complementary, hybridized to them third 
one c is denoted by: 

a b : a * b * a + b  c - { a , b } o r  
a + b ~ a * b  
ab = I A G T C T C A G T C T A G  > 
lab I = 13 

The symbol • means in this case the concatenation 
operation. The null string is the neutral element for 
concatenation this means ~ * a = a * e = a. 
5. Ampli f ication ( P C R )  encreases a number of double 
DNA strings chosen by specially designed primers two 
times in each cycle. The ends of these primers (square 
brackets) denote ends of amplified oligos. A number 
of PCR cycles is given in the upper, right corner of 
the right square bracket. If the number is unknown it 
is replaced by a sign $. After tens of amplification cy- 
cles in the test tube there are millions of chosen DNA 
fragments copies, which are in the majority. 

heat 4; @ ~ a[e]$b; heat 1"; 

Given above amplification of double string can be de- 
scribed in another way as an algorithm: 

p2]* 
[w ]' 

* ¢ * b 

[pl ]$ ::~ ;' 
a * ¢ 

where three amplification cycles are presented, and ad- 
ditional primers Pl, P2 are short oligos complementary 
to small  parts of the given double string. 
In the cycle of amplification single strings may be 
lengthened from its 3' end up to their complementary 
5' end e.g.: 

heatS;  [[w ]~] ~ [ ~ ] ;  heat 1"; 

heat $; y]$ =~ ; heat 1"; 

.e.t, I:J rE ]'J z + ; heat t ;  

Every amplification described above is done in one cy- 
cle between cooling (heat $) and heating (heat $). 
6. Mixing of DNA fragments enables their uniform 
distribution. It improves search for good hybridiza- 
tions in the space of all possible ones. 
7. Extract ing of DNA fragments with specific se- 
quences from other DNA strings can be performed in 
several ways. 
Complementary strings can be separated to one tube 
and standard to the second tube with use of DNA 
arrays. The operation is described by symbols sop. 
It should be noticed that  in symbolic representation 
strings in one tube are separated by commas, but sets 
of strings in different tubes are separated with semi- 
colons. All set symbols are within set brackets. 

a b 

Standard strings can be extracted from a string set 
using DNA chips and this operation is denoted by 
symbols mex - an abbreviation of multiextraction.  In 
similar way complementary strings can be extracted 
from a string set and that  operation is denoted by 
symbols mex' .  Double strings can be separated from 
other strings and the operation is described by sym- 
bols mex".  
Standard strings can be changed to their complemen- 
tary, adequate strings: 

° * r rb~ Ir 
~ | ( ~ ,  * . . , j  ' 

This operation is denoted by a symbol c. Opera- 
tion described by a symbol n changes complementary 
strings to their standard, adequate strings. 

III.  REPRESENTATION OF NUMBERS 

Binary representation of numbers is used. Each bit 
is coded by a specific sequence, which is long enough to 
be able to recombine specifically with the complemen- 
tary sequence. Bits after connecting create a linker 
sequence, which is recognized by a sequence specific 
endonuclease. There are two possible representations 
of the number - s tandard and complementary as is seen 
in Tab. 1. To perform addition it is necessary to have 
one number represented by the standard and comple- 
mentary DNA strings. In case where both sequences 
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are represented as a mixture of s tandard and comple- 
mentary strings, it is possible with simple procedure 
to filter s tandard and complementary sequences which 
are used as representations of first and second num- 
bers, respectively. 

Table 1. DNA bit representation 

I Bit (position code) II 4 3 2 I 1 0 I 

I S tandardc°de  I[ e d c I b a l  
Complementary code ~ d 5 b 5 

For example a number equal to 11 will be repre- 
sented as is described in Tab. 2. 

Table 2. DNA number representation 

Bit (position code) [[ 4 3 2 [ 1 [ 0 

Complementary code d b 5 

Addition of 11 (coded as a s tandard sequence) and 13 
(coded as a complementary sequence) is denoted in 
Tab. 3. 

Table 3. DNA adding operands and result 
representation 

I Bit (position code) ]] 4 ] 3 ] 2 ] 1 ] 0 ] 

Standard code - d - b a 
Complementary code - d ~ ~, 
Result - complementary code @ d - 

Bits which are set to zero are represented by empty 
strings, therefore in our example the number 11 is rep- 
resented as dba, the number 13 as a~Sh, and the result 
as &i in s t andard  and complementary representation, 
respectively. 

I V .  A L G O R I T H M  DESCRIPTION 

Assuming tha t  we have at our disposal three regis- 
ters: an operation register, and a carry register and a 
result register, s tandard algorithm for binary number 
addition can be expressed as follows 
C O P Y  TWO NUMBERS TO THE OPERATION REGISTER 

IN FIRST STEP FOR EACH BIT POSITION: 

IF  BOTH BITS ARE ONE - CARRY IS ONE, 

OPERATION BIT IS ZERO 

ELSE IF BOTH BITS ARE ZERO - CARRY IS ZERO, 

OPERATION BIT IS ZERO 

ELSE - CARRY IS ZERO, OPERATION BIT IS ONE 
SHIFT CARRY BITS EQUAL TO ONE BY ONE BIT 
COPY OPERATION AND CARRY BITS EQUALING ONE 
TO THE OPERATION REGISTER 
IN SECOND STEP TO EACH OPERATION BIT GROUP 
TREATED AS A NUMBER: 

ADD APPROPRIATE CARRY BIT ELIMINATING 

REDUNDANT OPERATION BITS 

N O T  INVOLVED BITS MOVE 

TO THE RESULT REGISTER 

END 

M O V E  REMAINED BITS IN THE OPERATION REGISTER 

TO THE RESULT REGISTER 

RESULT IS IN THE RESULT REGISTER. 

This algorithm can be implemented with DNA 
molecules and test tubes, which are laboratory repre- 
sentations of computer registers. Numbers that  are to 
be added are represented as double stranded strings, 
with both standard and complementary strings. We 
present the example of application of our algorithm in 
Tab. 4, where the addition of 11 and 13 is presented. 

V .  CONCLUSIONS 

In this paper the original algorithm for adding in- 
teger numbers was presented and novel notation for 
the operations on DNA was proposed. All carry oper- 
ations are executed within the single operation, allow- 
ing addition in the same number of steps, regardless 
of a number of bits representing the number. As a re- 
sult this algorithm is particulary well suited for adding 
enormously large numbers, say million bit numbers, 
without increasing a number of operations. 

Futher design of more complicated computer devices 
is expected [42], [43]. There are many practical experi- 
ments to be performed. Obviously there are technical 
limitations to the numbers that  can be represented 
by DNA molecules, arising from the need of unique- 
ness of sequences representing bits as well as from the 
present fabrication limits of DNA chips [44], [45], [46], 
[47]. We may hope, however, that  limits of technically 
possible systems will be growing fast enough to make 
application of the DNA computing feasible. 
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Table 4. Application of the algorithm - adding 11 and 13; each column describes a separate test tube. Increase 
or decrease of a column number  means separation into different test tube  or merging tube contents. Operations: 
sep, me~c, mex', mex", c, n are described earlier. 

11 I + d ' b *  °1 d * ~ * a + 
+ d * c * aj 
C~ * 5 * ~ + 

d + c + a / m ~ ' { d , a ,  5 } 

J + ~ + ~ + 

4 

3 

6 

e~c 

51 I c+b I 
[a ]8) 
5 , b  

1° I 

c * b J 

c*b 

~ 

* e  ~*  

(d+e a+~ m~, 
d,e a ,b)  {~,b} 

c * b ,~} C * 

([~,e ]* 
c * d  b * 5 )  

c * d  b * 5  

c * d  b*e  %~ d 

1211 d ~ d  

131 {,~,d} 
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