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Abstract. Reinforcement Learning (RL) is considered here as an adap-
tation technique of neural controllers of machines. The goal is to make
Actor-Critic algorithms require less agent-environment interaction to ob-
tain policies of the same quality, at the cost of additional background
computations. We propose to achieve this goal in the spirit of experience

replay. An estimation method of improvement direction of a changing
policy, based on preceding experience, is essential here. We propose one
that uses truncated importance sampling. We derive bounds of bias of
that type of estimators and prove that this bias asymptotically vanishes.
In the experimental study we apply our approach to the classic Actor-
Critic and obtain 20-fold increase in speed of learning.

1 Introduction

We consider the problem of a controller (or a decision maker) that optimizes its
reactive policy in a poorly structured and initially unknown environment. The
general solution to this problem is Reinforcement Learning (RL). Algorithms in
that area can be viewed as computational processes that transform observations
of states, actions, and rewards, into policy parameters. Popular RL algorithms,
like Q-Learning [17], and Actor-Critic methods [2, 6, 7], process the data se-
quentially. A single observation is utilized for an adjustment of the algorithms’
parameters and becomes unavailable for further use. Let us call such methods
single-adjustment algorithms. This sequential processing approach follows a com-
mon understanding that applications of RL to real life learning control problems
require large amounts of data which cannot be kept in a limited memory assigned
to the algorithm.

However, there are methods, not of single-adjustment type, that require much
less environment steps to obtain a policy of the same quality. They achieve
that at the cost of collecting data and their extensive processing. Let us call
them multi-adjustment algorithms as they are not limited to a small number
of operations after each environment step. Note that we do not identify single-
adjustment- and on-line methods neither we identify multi-adjustment- and off-
line algorithms. We are here interested only in on-line algorithms in the sense that
they should optimize the policy as the agent-environment interaction is going
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on. The difference lies rather in that how busy is the computer that optimizes
the policy during that interaction.

Multi-adjustment algorithms can be roughly divided into three classes. The
most obvious way to design the computations for a multi-adjustment algorithm
is to estimate the model of the environment dynamics and use it in some variant
of dynamic programming [14, 5, 1]. The second approach to multi-adjustment
algorithms is as follows. Assume there exists a quality index J : R

nθ 7→ R

that assigns to each policy parameter θ ∈ R
nθ a value J(θ) that evaluates the

policy based on θ. Let us denote by Ĵt(θ) an estimator of J(θ) based on the
course of the MDP before time t. The objective of data processing can be to
optimize the policy by maximizing Ĵt(θ) with respect to θ [13, 10]. Within the
third approach, a multi-adjustment algorithm is constructed in reference to a
single-adjustment method: It takes historical events and applies to them the
operations of the original single-adjustment method as if the events have just
taken place. This idea of repeating many similar operations to the same event,
called experience replay [3], was popular a few years ago but seems to receive
less attention recently. In our paper we show how to apply this idea to a wide
class of RL methods that includes Actor-Critics.

The approach proposed in the present paper is as follows. A single-adjustment
RL algorithm defines a drift of the policy parameter θ. Within the process of
computing previous experience, the original path of θ is simulated such that the
parameter is adjusted along estimators of the direction of the drift. The estima-
tors are based on the observations of preceding agent-environment interaction
collected in a database. Our main concern here is how to estimate the direction
of the drift on the basis of historical data.

2 Problem formulation

We will consider the standard RL setup [15]. A Markov Decision Process is a
tuple 〈S,A, Ps, r, P0,S∗〉 where S and A are the state and action spaces, respec-
tively; {Ps(·|s, a) : s ∈ S, a ∈ A} is a set of state transition distributions; we
write st+1 ∼ Ps(·|st, at) and assume that each Ps is a density. The immediate
reward, rt, depends on the action and the next state, rt = r(at, st+1). P0 is the
distribution of initial states of each episode and S∗ is the set of terminal states.
Whenever st ∈ S∗, the next state st+1 is drawn from P0.

Actions are generated according to a policy, π, which is a family of distribu-
tions parameterized by the state and a policy vector θ ∈ R

nθ , namely

at ∼ π(· ; st, θ).

The objective of reinforcement learning is, in general, to make the policy max-
imize future rewards by optimizing θ. The strict meaning of this goal may be
specified in various ways. We may require the policy to maximize the average
reward or to maximize the expected sum of rewards within an episode. Alter-
natively, we may require the policy to maximize the sum of future discounted
rewards expected in each state.
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We are interested in applications of the MDP framework to adaptive control
tasks. We thus require the learning algorithm to be fast, i.e. to obtain a satis-
fying policy after as few control steps as possible. The control cost should be
minimized and the controlled machine should be kept from being damaged by
inappropriate actions. We assume that the time span of learning is short enough
to keep the entire agent-environment interaction history in a database. This his-
tory is available between each pair of consecutive steps for a limited number of
operations aiming at policy optimization.

Below we analyze a large class of the existing incremental RL methods suit-
able for policy determination in simulations and propose a way of their accel-
eration based on a more extensive data processing. Our intention is to design
methods that obtain a satisfying control policy after a much smaller amount of
control time but not necessarily after a smaller amount of computation.

2.1 Single-adjustment Methods with Actor

Here we analyze a large class of RL algorithms defined by the following features:

1. Actions are generated by a stationary policy (Actor), i.e. a distribution π
parametrized by state st and the policy parameter θ, namely

at ∼ π(· ; st, θ).

2. A visit in state st causes a modification of the policy parameter θ by a vector

βθ
t φ̂t.

φ̂t on the average indicates the direction in which θ assures larger future
rewards expected in state st. {βθ

t , t = 1, 2, . . .} is a vanishing sequence of
step-sizes.

3. The algorithm may compute φ̂t with the use of an auxiliary parameter υ ∈
R

nυ (like the weights of Critic, i.e. a value-function approximator). A visit
in state st results in a modification of υ by a vector

βυ
t ψ̂t.

ψ̂t on the average points into the direction where υ assures better quality of
φ̂t. {βυ

t , t = 1, 2, . . . } is a vanishing sequence of step-sizes.

4. The vectors φ̂t and ψ̂t, while different from one another, are of the same
form

Gt(θ, υ)
∑

k≥0

(αρ)kzt,k(θ, υ) (1)

where Gt is a certain vector, α ∈ [0, 1), ρ ∈ [0, 1), and zt,k ∈ R is unknown
until instant t+ k + 1.
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Typically, the step-sizes βθ
t and βυ

t satisfy the standard stochastic approximation
conditions [8], namely

∑

t≥1

βt = +∞,
∑

t≥1

β2
t < +∞. (2)

Obviously a number of RL algorithms fit into the above schema. In the classic
Actor-Critic algorithm with TD(λ)-errors [6] we have

φ̂t =
∂ lnπ(at; st, θ)

∂θT

∑

k≥0

(γλ)k
βθ

t+k

βθ
t

êt+k, ψ̂t =
∂V̄ (st; υ)

∂υT

∑

k≥0

(γλ)k
βυ

t+k

βυ
t

êt+k,

where V̄ is an approximation of the value function parametrized by υ, γ ∈ [0, 1)
is a discount factor, λ ∈ (0, 1), and

êt = rt + γV̄ (st+1; υ) − V̄ (st; υ) (3)

is the temporal difference. More recent Actor-Critics [6, 7] generally fit into the
discussed schema.

Analysis of RL methods usually assumes that for each policy parameter θ, the
sequence of states {st, t = 1, 2, . . . } forms an aperiodic and irreducible Markov
chain with a stationary distribution. In our presentation of the mechanics of
the incremental RL algorithms, we will also assume that the states visited when
the policy parameter θ is applied are drawn independently from a stationary
distribution. A reader interested in a deeper analysis and proofs of convergence
is referred to [9, 7].

Let us analyze the average direction of φ̂t and ψ̂t. Namely, let φ be a function
defined as

φ(s, θ, υ) = Eθ,υ,β

(
φ̂t

∣∣st = s
)
. (4)

The definition of φ is based on the assumption that θ, υ, and the step-sizes
remain constant when φ̂t is calculated. In fact they slightly vary and each φ̂t

is in fact a biased estimator of φ(st, θ, υ) for θ and υ used at time t. However,
this bias is small and since the dynamics of the parameters decreases in time,
the bias asymptotically vanishes. φ averaged over the steady state distribution,
approximates the drift of θ and the smaller the step-sizes, the better the approx-
imation.

The drift of υ may be analyzed in a similar way. Namely, let ψ be a function
defined as

ψ(s, θ, υ) = Eθ,υ,β

(
ψ̂t

∣∣st = s
)
. (5)

As above, the definition of φ requires that θ, υ, and the step-sizes remain constant
during the time when ψ̂t is computed. The approximation of the drift of υ is
defined by ψ averaged over the steady state distribution.

The incremental RL algorithms make their parameters θ and υ follow the
directions defined by estimators of φ(s, θ, υ) and ψ(s, θ, υ), respectively, averaged
over the steady-state distribution.
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2.2 Experience Replay Based Acceleration

The main idea analyzed in this paper is to apply to the agent’s experience the
same treatment as a single-adjustment algorithm with Actor would do, but more
intensively. Namely, let us consider a certain algorithm of this type. It defines
vectors φ̂t and ψ̂t and corresponding functions φ and ψ, respectively. A generic
accelerated version of this algorithm has the form of the following loop:

1. Draw and execute an action, at ∼ π(· ; st, θ).
2. Register st, at, θ, the reward received and the next state in a database.
3. Perform a certain number of times:

3.1. Draw a state si, 1 ≤ i < t from the database.
3.2. Adjust θ along an estimator of φ(si, θ, υ).
3.3. Adjust υ along an estimator of ψ(si, θ, υ).

4. Assign t := t+ 1 and repeat from Point 1.

In words, the initial single-adjustment algorithm uses φ to define a drift of the
policy parameter θ. The direction of this drift is an approximation of a policy
gradient or a natural policy gradient. The drift itself can be simulated in a parallel
computation process (Point 3. above) while the Markov Decision Process is going
on. This way the original algorithms can be substantially accelerated.

In the following section, we discuss importance sampling as the main tool to
construct estimators of φ and ψ. In Section 4, those estimators are constructed.

3 Importance Sampling Estimation

Let g(· ; θ) be a density of random elements a of values in A parametrized by a
vector θ ∈ Θ ⊂ R

nθ . Suppose for a given parameter θ0 an action a0 is drawn
from g(· ; θ0). The action a0 yields a certain vector d(a0) where d : A 7→ R

n. We
are interested in estimation of the expected d(a) for actions drawn with the use
of an arbitrary parameter θ, namely

Eθd(a) =

∫

A

d(α)g(α; θ) dα = D(θ). (6)

In order to construct an estimator of D(θ), we may apply the estimation
technique called importance sampling [12] frequently applied in RL [11, 13, 10,
16]. Namely, given θ0 and θ, the statistic

d(a0) g(a0; θ)/g(a0; θ0) (7)

is an unbiased estimator of D(θ) since

Eθ0

(
d(a0)

g(a0; θ)

g(a0; θ0)

)
=

∫
d(α)

g(α; θ)

g(α; θ0)
g(α; θ0) dα = D(θ). (8)

A well-known drawback of estimator (7) is its excessive variance when distribu-
tions g(· ; θ0) and g(· ; θ) are far from one another [19]. A simple yet satisfying in
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practice way of fighting the variance problem is to truncate the density ratio in
(7). Namely, the modified estimator is of the form

d(a0) min {g(a0; θ)/g(a0; θ0), b} (9)

for constant b > 1. The above truncated IS estimator has also been applied in
[16, 18]. Let us analyze its properties. Obviously if ‖d‖ is bounded, then also the
variance of (9) is bounded. Importantly, its bias happens to be bounded as well
if only g satisfies certain regularity conditions and θ is close enough to θ0. Let
us first specify those conditions. Namely, for the purpose of this discussion, a
density g will be called (M1,M2)-regular if it has the following features:

(i) for every a ∈ A the mapping θ 7→ g(a; θ) is continuous and differentiable,

(ii) the trace of the Fisher information, namely tr I(θ) = Eθ
∂ ln g(a;θ)

∂θ

∂ ln g(a;θ)
∂θT , is

bounded by M1,

(iii) absolute eigenvalues of the Hesian ∂2 ln g(a;θ)
∂θT ∂θ

are bounded by M2.

The below proposition establishes bounds of the bias of estimator (9).

Proposition 1. Let the density g parameterized by θ be (M1,M2)-regular for
certain M1,M2. Then, for all θ0, θ,

∥∥∥∥Eθ0

(
d(a0) min

{
g(a0; θ)

g(a0; θ0)
, b

})
−D(θ)

∥∥∥∥ ≤MPθ

(
g(a; θ)

g(a; θ0)
> b

)
.

where M = supa∈A ‖d(a)‖.
A slightly different form of the above fact is proved on p. 34 of reference [18].
Note that Pθ is the probability defined by the condition that the random value
a is drawn from the density parameterized by θ. Another proposition defines a
bound of Pθ.

Proposition 2. For each M1,M2 > 0, there exists M > 0 such that if the
density g is (M1,M2)-regular than, for all θ0, θ,

Pθ

(
g(a; θ)/g(a; θ0) > b

)
≤M(ln b)−2‖θ − θ0‖2.

This proposition is proved on p. 35 of reference [18].
In the present work we shall also discuss a special case of the analyzed prob-
lem, where d is a function of a finite sequence of independent random elements.
Obviously, both the above propositions apply to this case because a sequence
of random vectors is also a random vector. However, a joint density of a ran-
dom sequence need not be (M1,M2)-regular even if densities of all its elements
are. This rises difficulties in application of Proposition 2. The proposition below
treats this issue.

Proposition 3. For each M1,M2 > 0, there exists M > 0 such that if all
densities in the sequence g1, . . . , gk are (M1,M2)-regular than for each set of
pairs (θi, θi

0), i = 1, . . . , k

Pθ1...θk

(
k∏

i=1

gi(ai; θi)

gi(ai; θi
0)
> b

)
≤ k2M

(ln b)2

k∑

i=1

‖θi − θi
0‖2.
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provided random elements ai, i = 1, . . . , k are drawn independently.

Proof (sketch): Let us denote

A =

{
k∏

i=1

gi(ai; θi)

gi(ai; θi
0)
> b

}
, Ai =

{
gi(ai; θi)

gi(ai; θi
0)
>

k
√
b

}
, i = 1, . . . , k.

We have

Ω −A ⊇
k⋂

i=1

(Ω −Ai) and hence 1 − Pθ1...θk(A) ≥
k∏

i=1

(1 − Pθi(Ai)).

After simple transformations we obtain

Pθ1...θk(A) ≤
k∑

i=1

Pθi(Ai).

Application of Proposition 2 completes the proof.

4 Experience Replay

In this section, we introduce estimators of φ(si, θ, υ) and ψ(si, θ, υ) and discuss
their properties. These estimators will play the role of stochastic gradients. In
general, stochastic gradients are required to be of bounded variance and (asymp-
totically) unbiased. While unbiased estimators of φ and ψ may be of excessive
variance, their modifications will be presented that will be of bounded variance
and asymptotically unbiased.

In Section 2.1 we defined φ and ψ of the form (4) and (5), respectively, for

φ̂t and ψ̂t having, for constant step parameters, the same generic form

Gt(θ, υ)
∑

k≥0

(αρ)kzt,k(θ, υ) (10)

where Gt is a vector known at time t, α ∈ [0, 1), ρ ∈ [0, 1) is a given constant,
and in a sequence {zt,k(θ, υ), k ≥ 0} the value zt,k is known at time t + k + 1.
Because φ and ψ have the same form, further in this section we will focus on φ,
understanding that exactly the same can be said about ψ.

Let us first denote by Geom(ρ) the geometric distribution with parameter
ρ ∈ [0, 1). That is, random variable K of values in {0, 1, . . . } has distribution
Geom(ρ), i.e. K ∼ Geom(ρ), iff

P (K = m) = (1 − ρ)ρm for m = 0, 1, . . .

A simple property of that distribution is that P (K ≥ m) = ρm. Let an estimator
of φ(si, θ, υ) have the form

φ̂b
i (θ, υ) = Gi(θ, υ)

K∑

k=0

αkzi,k(θ, υ) min






k∏

j=0

π(ai+j ; si+j , θ)

π(ai+j ; si+j , θi+j)
, b




 . (11)



312 Pawe l Wawrzyński

Because of truncation, it is easy to verify that its variance is bounded. However,
for the same reason, it is also biased. Fortunately, the bias vanishes when the
parameters θi+j of distributions that generated actions get closer to the analyzed
value θ. The following proposition clarifies this issue.

Proposition 4. Suppose Gi and zi,k are uniformly bounded and distributions
π(· ; si+j , · ) are (M1,M2)-regular for certain M1,M2 and all j ≥ 0. Then, there
exists a positive constants c such that

‖Eφ̂b
i(θ, υ) − φ(si, θ, υ)‖ ≤ cδ2

for all i, θ, υ and
δ = sup

j≥0
‖θ − θi+j‖.

Proof (sketch): Each element of φ̂b
i is a truncated importance-sampling estimator

of Eθ,υ

(
Gi(θ, υ)zi,k(θ, υ)|si

)
. Propositions 1 and 3 define a bound of the bias of

these estimators, which is of the form

M(k + 1)2

(ln b)2

k∑

j=0

‖θ − θi+j‖2

Because the sum in the above formula is no greater than (k + 1)δ2, we obtain

‖Eφ̂b
i (θ, υ) − φ(si, θ, υ)‖ ≤ E

(
K∑

k=0

αkM(k + 1)3δ2

(ln b)2

)

=
∑

k≥0

(ρα)kM(k + 1)3δ2

(ln b)2
= δ2

M

(ln b)2

∑

k≥0

(ρα)k(k + 1)3.

Because ρα ∈ (0, 1), the value of the last sum is finite which completes the proof.

Implementation of the generic algorithm presented in Sec. 2.2 has to meet
several postulates. The most important requirement for any algorithm based on
stochastic approximation is boundedness of the variance of gradient estimators.
That requirement is satisfied when the estimators of φ and ψ have the form (11).
Second, we want the algorithm to inherit the limit properties from the original
single-adjustment method.

The drawback of estimators (11) is that they are biased. However, they can be
made asymptotically unbiased. Namely, suppose only a certain constant number,
N , of recent events are kept in the database. Then, at the moment t the indexes
i are drawn randomly from the set {t−N+1, t−N +2, . . . , t}. Let us analyze δt
as the upper bound of ‖θ−θi+j‖ for i drawn at moment t. Because the step-sizes
βθ

t vanish in time, the changes of the policy parameter, θ, also vanish. Therefore,
the value δt must vanish as well, the conditions of Proposition 4 are met and the
estimators φ̂b

i and ψ̂b
i are asymptotically unbiased.
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5 Experimental Study

We apply the idea of simulation of parameters’ path in a parallel computation
process to the classic Actor-Critic (AC) [6]. For the purpose of this paper we
shall call the resulting algorithm the replaying Actor-Critic. We apply this algo-
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Fig. 1. Actor-Critics for Cart-Pole Swing-Up. Left: The plant. Center: The classic AC,
the average reward vs. trial number. Each point averages 100 consecutive trials and
the curve averages 10 runs. The one-sigma limits are calculated to assess run-to-run
variability of trial averages. Right: The replaying AC, the average reward vs. trial
number. Note that the number of trials in this figure is about 20 times smaller than
that of the top figure for the classic method. Because of much shorter learning time,
each point averages only 10 consecutive trials; the curve averages 10 runs. The one-
sigma limits are wider than in the top figure because 10 times less trials are averaged.

rithm to a simple benchmark problem — Cart-Pole Swing-Up [4]. The plant here
consists of a cart moving along a track, and a pole hanging freely from the cart
(see Fig. 1). It is controlled by force applied to the cart. The control objective
is to avoid hitting the track bounds, swing the pole, turn it up, and stabilize
upwards. In our experiments the controlled plant is emulated, i.e. simulated in
real time. A quantum of plant’s time is equal to a quantum of the corresponding
computer time. That means that the computer has a lot of spare time that can
be devoted to parallel computations. The setup of our experiments is designed to
closely resemble a situation in which control of a physical machine is optimized
in real time by means of a certain form of adaptation.

The setting of our experiments is the same as of those presented in [18].
The result of application the replaying Actor-Critic is presented in the form of
learning curve on the left-hand side of Fig. 1. For comparison we also apply
the classic Actor-Critic to the same plant. The corresponding learning curve is
presented in the center of Fig. 1.
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The replaying AC (see Fig. 1) exhibits a satisfying behavior after just 90 trials
(about 20 minutes of the plant’s time) while the classic algorithm obtains the
same behavior after about 2300 trials. Our experiments with the classic Actor-
Critic may also be compared to those presented in [4]. The algorithm introduced
there implements an indirect adaptive control method—it estimates a model of
an unknown plant and optimizes its control on the basis of the model while the
plant is controlled. This algorithm, applied to the Cart-Pole Swing-Up, obtained
satisfactory results after about 750 trials (about 2 hours of the plant’s real time).

6 Conclusions

In this paper we developed an idea of experience replay based speedup of in-
cremental Actor-Critic-like reinforcement learning methods. A drift of parame-
ters driven by a given incremental RL method may be simulated in a parallel
computation process while the agent-environment interaction is going on. This
simulation is based on estimators of the direction of parameter drift induced
by the original algorithm. We introduced the appropriate estimators based on
truncated importance sampling and analyzed their properties, namely bounded
variance and asymptotically vanishing bias. In the experimental study we ap-
plied our approach to the classic Actor-Critic and obtained a satisfying controller
of the Cart-Pole Swing-Up in 20 minutes of time of this plant which is about 20
shorter time than the original Actor-Critic requires.
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